—Chapter 5—

Linear Response
Theory
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5-1 Linear Response Function

LINEAR RESPONSE

Time-dependent perturbation theory:

Consider the many-body Hamiltonian H = Hy + V(t), where Hj is the
unperturbed Hamiltonian and V(¢) = 0(t)n(t) is the external
perturbation driven by a small external field n(t).

The expectation value of an observable A can be series expanded up to
the first order as,

R R t5(AD)

A(t)) = (A —_

(A©) = (), + [ S5

0

n(t')dt’
n=0
where (A(t)) is the quantum and thermal average of A at time t, and

(A) o 18 the equilibrium amount obtained when n(t) = 0.
A linear response is defined as

5@%0)=(A&»—%A%==f x(&, tOn(t) de’
0

where
1y - O©)
XL, = e N
on(t')
n=0
is called the response function.
NOTE:

In this definition, the upper boundary of the integral extends to
+ 00, i.e., formally involves the generalized force in the future of
the time t at which the effect (A(t)) is considered, which violates
causality. Causality requirement can be ensured by introducing a
step function O(t —t").

EXAMPLES:
1. Time-independent perturbation theory:
Considering a harmonic oscillator in an applied electric field:
The Hamiltonian is
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where Hy is the unperturbed Hamiltonian with

— 1

H0|¢n> =hw(n+ 5 |¢n>
V is the polarization perturbation, and € is the electric field.
The induced dipole moment is given by

d= <¢n|ex|l»bn>7
where |Y,,) is the eigenstate of H.
The eigenstate up to the first order correction

Z (GP1716)
— 1400 (0)
|¢n) - |¢n0 )+ (0) _ E(O)_ |¢rr? )

m+n n m
where (Y 171657 « [ES” - B

The dipole moment up to the linear order is

d = (nlex|pn)
©1915©
= @21+ %(—m'—'iﬁmz @l

O _pre1®
— @Plexlg")+ Y P ('O)ex '(‘f) (6 lext o)

(0) S1p©®
z (¢ E(lo) ex |(ZS) )(¢(0)| |¢(0)>+...

m#*n

(0) (0)
= Plexlp®) - 26 L";@'—e’i"’(—o)lw(”ﬁ x1p®)
Since (¢ 121" = 0

(0) (0)
d=-2 ) %O—)'—'%gzw(% ex|gn”)

m+n n m

For the ground state (n = 0), Eéo) E(O) —hw
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(3) The calculation of the measurable response is set in the interaction
picture with respect to the perturbation operator V;(t), i.e.,
|d(t)) = $T(t, 0)|2(0))

~ i [t
T [exp (Ejo Vit dt’>

S AN
(-5 [ demerar +- Yooy
0
We expand |CD(t)) to first order in V; as
oot
[P} = [90) - 5 | 0, M) de'[9(O)
0

The expectation value of A;(t) in the interaction picture is

(e®|A;(®)|®®))
Pt
= (®(0)|4;()|®(0)) —%f (@(0)|A;(6)0;(t) @ (0)) n(t")dt’
0

|2 (0))

oot
+3 [ @OIOEA@IO) ()
0

i rt
= @O - 5 [ (PO|[4(0, 0@
0

The linear response function including the causality, the retarded
response function, is

X661 = =200 = )@ O)|[4(0), 0,)]|0(0)

which is also called Kubo formula.

EXAMPLES:
1. Time-dependent perturbation theory:
Considering a harmonic oscillator in an applied electric field:
The Hamiltonian is

A2
g_P 1 5,
H=—+-mw*x® —ex&
2m 2
A, 7

where Hy is the unperturbed Hamiltonian with
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Ho|¢n) = hoo (n+ 5 | [én)
V is the polarization perturbation, and € is the electric field.
In the interaction picture, the response function of A;(t) is

X(6,6) = =200 =)o [410), 0:(¢")] | o)
= 20t — ) (Bl A0, 90) ~ (001 )AD)| o))

Since
Ol(t’) — eiﬁot’/hexge—iﬁot’/h
we obtain

(¢O|Al(t)01(t,)|¢0)

.5 .5 .5 ! =3 !
— e28<q,’>0 eifot/hy p=ilot/hgifot! /hy o—ilot /h|¢0>

— o2€ Z<¢° |eiﬁ0t/hxe—iﬁot/h|¢n)<¢n|eiﬁ0t’/hxe—iﬁot’/h|¢0>
n

= e ) emionl=t) (go|x| o) nlxl o)
Similarly,
(Bol01(E)A(O)]go) = e2€ Y e=inlt=(po xl ) pul x| bo)
Thus, we obtain "

x(t—t) = —%@(t - t’)ezez (emion(t=t) — g=ion(t'=))

X (¢o|x|n){bn|x|bo)
3 26260 , _ ,
=-— (t—t)Zsmwn(t—t)

X (o x|¢n)bnlx|0)

For the ground state, assume that w, = w

2e%€
Xt =) = === 0t — ) sina( — ') ) ($olx|bn)bnlx|b0)

2e%€

— __h_.@(t —t)sinw(t—t') (¢0|xx|¢0)

Assume that the electric field is turned on and off slowly, namely
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d = j 2(t— (e dt’

_ 2e?&{go|x?|¢o
h

_ 2e2E(o|x?| o)
N hw

)f 0t —t) e " sinw(t — t") at’

B. THE SUSCEPTIBILITY

(1) The observed temporal behavior of the non-equilibrium system can be
cast in the frequency domain as a susceptibility.
We can define a time-interval T =t —t',

[oe] [o¢]

8(A@) = [ xe-em@rde = [ xonte-dr
0 0

The Fourier transform with respect to the frequency

s(d) = [ " S(AD)e-t dt
- Jm me(r)n(t — D)e~t grdt
)
= J J x(@On(t — 1)e"@wt=De—ioT grgt
—o /0

:J )((T)e‘mdrf n(tHe @t de’
0 oo

Let n(a)) :f n(tl)e—iwt’ dt' and X((U) :f )((T)e_in dt
—oo 0

8(A(w)) = x(w)n(w)
where § (A(a))) is the linear response, y(w) is called the susceptibility,
and 1(w) is the driving force.
Thus, we obtain

response
X = “Torce
orce
EXAMPLES:

1. For a polarized harmonic oscillator, € is the driving force, and d
is the linear response. Thus, the susceptibility X is given by
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(2) Time-reversal symmetry:
The susceptibility y(w) is a complex function of real frequency w.
x(w) = x'(w) + ix"(w)
The real part:

o)

¥ (w) = f x (1) coswT dt
0

= y'(w) is an even function, i.e., ¥ (—w) = ¥'(w)
The imaginary part:

[o0]

x'(w) = —f x (@) sinwtdt
0
= y'(w) is an odd function, i.e., ¥ (—w) = =" (w)

Thus, we get
X(w) =x'(w) —iy"(w) =x'(-w) + ix"(-w) = x(-w)
Since
1
X' (@) =5 (@) + 1" (@)]
1
=3 (@) + x(-w)]

= % f_ o:o[x(t) +x(—t)]e "t dt

Under the time reversal t — —t, y'(w) is invariant (symmetric). Here,
x'(w) is called the reactive part of the response function.

Since
1
X'(@) = 5 (@) - 1 (@)]
1
=5 () — x(—w)]

1 (® .
=5 | D@ = x(-ole e
20 )_o
Under the time reversal t - —t, y''(w) is not invariant
(antisymmetric). Since microscopic systems are invariant under time

reversal, y''(w) must be arising due to dissipative processes. y''(w) is
called the dissipative or absorptive part of the response function.
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(3) Kramers-Kronig dispersion relations:
From the Cauchy integral

1 (o8]
= lim—u~ | —2&~7
A(@) el—%Zni oW —w— iedw
1 oo ! 1 (o0}
Pf 2@ dw' + —f x(@)o(w' —w)dw'

2mi J_ o' —w 2
1 © x(w") 1
=—P 2 dw + =
2mi f_m @ T x(@)
1 1 * y(w") .
= X(O)) — E}((O)) = ZT_lP_f Jt— dw
1 (% x(@")
=)= T

Since y(w) = y'(w) + iy (w)

1 © 4t P
K@) =y @) +ix'@) = [ DT 4y

1 ©o 14 W 1 oo ! )
BN COUAN (O
T J 0w —-—w 7w J_ 0 —-w
Consider real and imaginary parts of this relation separately:
1 (o] 124 wl
Y@ =zp[ Ly
T ) w —w
1 o ! O),
v@=-—p Ly

The Kramers-Kronig relations are a consequence of the causality
property of the response function.
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5-2 Spectral Function

RETARDED GREEN'S FUNCTION

Define a retarded Green's function

GR(r,t;r',t) = —%G)(t - t’)(lP(O)”lT’(r, ), Pt t’)]|lP(0))
where
o=y (Z0

Let x = r —r’. The retarded Green's function in momentum space is

6R (k) = == 0(t — ) (¥(0)] [#,(0), ¥ ()] |w(0))

OS:
The problem is that calculation of the retarded function is usually
rather cumbersome, whereas for time-ordered Green's functions
one may obtain nice closed expressions (e.g., the very intutive
ones represented by the Feynmann diagrams). One therefore
usually calculates the time-ordered Green's function and then
passes to the retarded Green's function using Lehmann
representation.

Considering a set of eigenstates {|LP,’2’ )} of the full Hamiltonian H for N-
particles, as basis set, i.e., ﬁl‘l’f;’) = sn|‘lj,llv).
Let [¥(0)) = |¥{')

GR(k,t,t") = —£®(t —t" (111(’,\’| [@k(t), @,j(t’)] |‘P(’,V>

h
= Lo - wp B ])

i . Ny
+20(t—t") <tpg)v | @) (t')‘l’k(t)lll’év>
Insert a complete set of Heisenberg states Y,| WA (W) | = 1 between the
field operators,

i _ -
GR(k,t,t") = G t’)Z(‘l’S’I‘Pk(t) | WA W+ B (e W)
n

1
[ - N
20— ¢) ) (W BF(e) [P (W1 D))
n 1
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(3) The Heisenberg operators with time-independent H can be rewritten in
the form
P (&) = UTOP, U (0) = e /My et/
Bi(6) = THOP]O() = et/ fe=the/h
Thus, we obtain

GR(k,t,t') = —%@(t -t Z <lP(’)V
n

eiﬁt/h,ﬁke—iﬁt/h|qjylzl+1>
% <Lp71:l+1|eiﬁt’/h$;’e—iﬁt’/h|1p(l)v>
+ % ot —t") Z <1P5"|eim'/ﬁz/3,ie‘im'/h|w,’lv—1>
n
% <q_;7121—1|eiﬁt/hl/’)‘ke—iﬁt/h|1p(l)v>
Since
(1{;(1)\1|eiﬁt/hl/jke—iﬁt/h|Lp7121+1> _ <Lp(1)v|lljk|w71¥+1)e—i(s,1¥+1_g{,\’)t/h

L~ ~ PN ~ i cN+1_ N
(Lprzyﬂ e‘Ht/h¢Ze“Ht/h|‘P(’)\’> _ <qj(1)v|¢l’cr|qu1y+1>ez(sn e )e/n

we obtain

'(s,’)["’l—sf,v)t/h

GR(k, ') = =2 0(t = ) ) (W | wi+1)e ™
n
X <‘l’,’2’+1 |l/311:| ‘P(IJV> NG
4300 =) ) (wy ][ wir)e (e oeA)
n
x (B g e (e

= Loy [ gt )| e
n

i ~ ((oN=1__N(t_s!
n g@(t —t) Z|<1P11¥—1|¢k|1{,(1)v)|2€z(s gl )(e—t")/n
n
Fourier transform with respect to T =t —t’
GR(k,w) =f GR(k,7)e'®" dt

Since
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e ( £LV+1 )‘l'/h

6k = -3 Y ‘<w5+1|1/3,j|w5v>
n
+ %@(—T) z|(Lprllv_1|$R|W6V>|2€i(££¥_l_gév)ﬂh
n

we obtain
N+1_ N .
€0 )T/fl el WT o =TT g1

o= [ i ¢
0 n

.0
[ Sl ) oo

i ) 2 ~1
"’Z‘(‘p’ly+1|""r|qj‘1’v>| w— (N —ed)/h—n
1
(PN |®
hZ' [ 0>| iw+i(el 1 —el)/h+n
1
hZ|<qJN+1|¢ |Lp°>| et —e)/h+ i
1

+Ezn:| (W [ >| w+ (VT —e))/h—

R I A
Zfla) (el —el)/h+in w+ (et —&l)/n-

This is the Lehmann representation of the retarded Green's functlon.

OS:

Alternative method:

o) = 1i 1J‘°° e T do
Y= 7]Lr(r)l+ [ )_ow+in2m

1 [ 7T du

0(-7) = lim - | ———
=7) WL%IH' W — N 2T
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e—l(SrIYH—SoN)T/h eia)‘rd,[

2
I W“|¢,i w)

1 [ee]
=— ' N+1 _ _N B ,
_hf_OOZ o' + i 5((1) +($n &0 )T/fl w)da)

|<1pN+1|¢k LI_}O >
hzw — (et —el)/n+in

B. FINITE TEMPERATURE GREEN'S FUNCTION

(1) The Lehmann representation of the retarded Green's function at finite

temperature still w1th real time

GR(k,t,t") = ——®(t— ¢ )(wk(t)qﬁ(t )> ——@(t )<¢,j(t')¢k(t)>
Since
(wk(t)qﬂ(t )> %Tr |e=F(E-1M)®, ()] (1)
%Tr PO P] (¢")eFE-1T)]

Z( | @O (¢)e - HN)|qJ>
Z{ |‘Pk(t)‘PT(t)|‘P> ~Bén

- EZ(WnI@k(t)Ile) <Wm|¢,j (t’)|1{'n> e~ Fén

where &, = &, — u, and
Py (6) = TN O, U (1) = e F-#N/hep, o=i(F-uR)e/h
PI©) = OT(OPLO(e) = el(-#Me/hpl =ilH-uR)e/h
we obtain
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i 1 . .
GR(k,t,t) = == 0t - t’)EZ e Fn (W, [ |[¥,) <Wm|¢,j|tpn>
nm
X e—i(gm_fn)(t—t’)/h
i 1 . .
=20t = )5 > e B (W[ |wn) (] ¥2)

nm
X ei(fm_fn)(t—t,)/fl
Lett=t—t'

601 = 001 o -t
nm

i 1 . .
-=0(D)7 E e Fén| (W, [ 1D | W, )| e (m—n)r/m
Fourier transform with respect to T

GR(k, a))———- Zz ~Bén ( m|¢,i|tp>

Eze_ﬁfn | (P [ [ )] 2eilEm=En)t/h giwto -7y
nm

—i(fm—fn)r/h elWT o —MT 1

= _t1 e Bén (l{) |1[,T|ly ) : 1
hZ L T iw — (6 — &0) /R — 1
ilz _pe R 2 -1
——= ) e Fn|(¥ LY
hZ L (¥ P )] iw+i(En—&)/h—n

w5 ]|
o5 ont b

hw (fm &n)/h+in

Z e 1 (el
Z ha)+(fm &n)/h+in

Since

i) = () (o ) = | )|

we obtain
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W55 |
GR(k, w) = ZZ ~pe, 1 fla) |<(€m I;n)/>h+in

. 2
Z o1 |(alpl]e)
Z

hw—(§n—&m)/h+in

[ 5|
Zth |<(§ tfn)/>h+in(eﬁ€n+eﬁsm)

(2) The Lehmann representation of the Matsubara Green's function.

6(k,7) = =0() (TP (0)) + O(-1) (7} ()P ()

- —@(r)%z e (W |0 ()| W) (W1 | P O)| )

1 _ _
+ @(—T)EZ e B <q1n|q1,j(0)|wm> (W | P (0| ,)
nm
Since
(pk(.[) — e(ﬁ—uﬁ)r/hlﬁke—(ﬁ—yﬁ)r/h
we obtain

1
Gk, 7) = —0(7) Ez ¢~Btn ~(Em—En)e/h
nm

2
<Wm|¢7,’g|wn> e

1 ~
+ G(_T) E Z e_Bfn |<me|¢k |Lpn)|ze(fm_fn)f/h

Fourier transform With respect to T

G(k' iwn) = ___'f z ﬂfn m|lpl-cr|lIJ >

Zf Ze_ gn|<Imll,l)’\kllpn)|ze(fm—fn)‘r/ﬁe,iwnr T
—-ph d
nm

-3 E et

nm

e_(fm_fn)f/h eiwnT dT

eﬁh(iwn_(fm_fn)/h) -1

- (Em - fn)/h
1 1 R ,1— e‘ﬁh(iwn"'(fm_fn))
— _Bfn_
T e
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ei—iﬂhwn =1
we obtain
11 1 2 _oB(Em—%n) — 1
Gk iw ——= e_ﬁfn—|<‘lJ l/jT Y >
( n) an h m| k| n —(Em—fn)/h
11 1 - 2 1+ e_ﬁ(fm_fn)
—— =Bén Z (g V7]
224" A e T
¥ 2 e—ﬁfm + e_ﬁfn
teion BT it
LS
22 n T G 4 (= &) /B

()

— - _ﬁfn _ﬁfm
_anhiwn_(’fm_fn)/h(e e )

(3) The analytic continuation in the upper-half plane, i.e., iw, = w + in
GR(k,w) = G(k,iw, > w + in)

C. SPECTRAL FUNCTION

(1) The retarded Green's function can be written as

GR(k,w) = f—ﬂk'—,ai),—dw’

where

Ak, @) = Z

n

From Cauchy's principal value

1 1
— = ? +ind(x)
x +ie

The spectral functlon of the retarded Green's function is

1
Ak, w) = —Elm GR(k, w)
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(2) The finite temperature spectral function of the retarded Green's
function

1
Ak, w) = —Elm GR(k, w)

1
= —EIm G(k,w + i6)

= D il (et ey o En )

(3) Density of states
1
N(w) = TjZA(k,w)

k
_ 2 ZI GR(k,w)
v - m @

= ! ImG(k,i 1o)
——;va (,me—>w+1)

(4) Probabilistic interpretation
f Alk,w) dw

=72 |l

2 (e—ﬁfn + e—ﬁfm) f_o;é‘ <w — @) dow

=1

2
Bl )|

(i)

L
_1 Bty
ZZ €
nnm -

=3 et (ol i) + o5 o i)
n

(5) Bare particles
If a particle injected at time t = 0 keeps its identity at time t > 0,
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t=0 t>0
) _ 1
G(k,la)n) = Z)n_—_a;
Ak, w) = S(w — a)k)

Alk, w)

Ve

Wy

(6) Quasiparticles

If the injected electron loses momentum and energy by exciting
electron-hole pairs across the Fermi surface,

o e < e
/" 5 Tk’
o—-e

O—<g
t=0 t=0
The retarded Green's function
GR (k) -
) = -
w—w, —IR(k,w)+ib

Here 2R (k, w) = 2'(k, w) + i2"" (k, w)
The spectral function

1
Ak, w) = —Elm GR(k,w)
_ —X"(k, w)

(w —w, —2'(k, a)))2 + (2”(1{, a)))2
If the imaginary part of the self-energy is not too large and varies

smoothly with frequency, the A(k, w) will have a maximum
The maximum is given by the equation, w — wy — Z'(k,w) =0
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Ak, w)

~ 27 (k, w)]

w

~wy, + L'k w)
Define the Fermi “surface”: the locus of zero-energy excitations in

momentum space, i.e., the maximum of A(k,0) and wy, + Z’(kF, 0) =0
For studying the low-energy one-particle excitations in weakly-
interacting systems, expanding the Green's function around k = ky and

w=20
1 /!
GR—(k,J)- =w—w, -2k w)—iZ"(k w)
=w- [ka + (k - kF) . Vwk|kF]
0
- ’Z’(kp, 0) + (k= kr) - VE'(k,0)|  + w=—3"(kp, )
kg Jw 00
— 12" (k, w) + -+
a ! !
= w [1 22 (lep, @) w=0] — [wip + 5/ (k£ 0))]
— (k= kg) - V[wy + 2 (k, 0)]|k — i3 (k, ) + -+
F
Since

Wi, + 2 (kp,0) =0

Let
L a2'(k ) iparticle resid
— - pO) quasiparticle residue
Z(kF) w=0
wi =Z(kp)(k — ki) - V[wg + ' (k, O)] """ quasiparticle energy
1
— = —ZZ(kF)Z”(k W) e quasiparticle life-time
7(k, w)
1
~ &k o) Z(kF) Zr(k ol T
Z(k
> GR(k,w) = ( F) + Gine (k, @)
w — a)k + lZT(k a))

The first term describes a peak with the maximum at w = 0 and a
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width h/t (the so-called "coherent" quasiparticle peak). Gi,. contains
"the rest".

2
(00" + (3:39)

Ak, w) =

T : | T | T
i ! Incoherent
H part

Cal)

small w,,

Spectral function

1 2

|
2

|
—

0
w
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H-3 Correlation Function

A. CORRELATION FUNCTIONS OF FLUCTUATIONS

(1) In quantum mechanics, a correlation function gives the statistical
correlation between two operators, i.e., it describes where and when a
statistical relationship has vanished.

(2) Correlation functions of two operators A(r,t) and B(r’,t") for random
fluctuations at thermal equilibrium are
Clr,t;r',t") = (A(r, ©)B(',t"))
Properties:
1. For long time or space separations, as fluctuations act to
randomize the system, the values of (AB’) become uncorrelated.

~ o

(4B)

2. When we observe fluctuations about an average, we often
redefine the correlation function in terms of the deviation from

average
54 =4 —(A)
5B =B — (B)
(648B) = ((4 - (4))(B - (B))) = (AB) — (4)(B)

(3) Space-correlation functions of two operators A(r) and B(r")

C(r,r") = (A(r)é(r’))

This is also called equal-time correlation function.

EXAMPLES:
1. Equal-time spin correlation functions for ferromagnetic
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Ferromagnetic

0)

C(r , T =0) above Tcyrie
----- (M)? above Tcure

C(r, t=0) below Teurie
----- (M)? below Teure

04

Cwr.t

Equal time correlation funtion

Dimensionless distance, r/é

2. Equal-time spin correlation functions for antiferromagnetic

Antiferromagnetic
1.0 .

0.5

=0)
?

Cr.7

-0.5

Equal time correlation funtion

o . . - . L L 4 . L . (, L . . 3

Dimensionless distance, r/&
(4) Time-correlation functions of two operators A(t) and B(t")

C(t,t") =(A@®)B("))

Since
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c(t,t") = (A(t)B(t"))
Ut)AT@TT(t")BU(t))
o)t (©AT(TT(¢")B)
Ut(t—t)AU(t —t")B)
= (A(t — t")B)
=C(t—t")
Time-correlation function depends only on the difference of its time
variables T =t —t', i.e., C(t,t') =C(t —t")
Similarly, we have
C(t',t) = (B(tHA®D)) = (BA(t —t") = (A(t — t")B)
Thus, we obtain
C*t—tHh=C(t'—1t)
Time-correlation function is a complex function, i.e.,
C(t— t') = C'(t - t') + iC”(t - t')

I
P~ N S

even odd
where

C'(t —t') is even in time and describes the relaxation of the
system to equilibrium when a force holding it away from
equilibrium is released.

C"(t —t") is odd in time and describes how a system is driven
away from equilibrium by an external potential.

FLUCTUATION-DISSIPATION THEOREM

The retarded response function in Heisenberg picture at thermal
equilibrium is

x(t t) = —%@(t —t"YA@®O0E)) + ;il-@(t — ") (0(HA®))
Lett=t—t'
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i " A [ ~ o~
x(1) = —E@(TXA(T)O) + E@(T)(OA(T))

l

) ) _
_ —;l'e(r)fz e P (W |A(D) | Wi (Wi |0 Wn)

[ 1 ~ A
+ 20007 Y e Fon(W,|0W (¥ | A W)
nm
o A o
= =507 ) e, ], (8|0, e~ i)
nm

i 1 ~ ) ,
+20(2) EZ B (W, |0 W) (| A| W) e lomEn)/m
nm
Fourier transform of the time-correlation function with respect to T =
t—t'
SR((A)) = f (A(T)O)eindT

17 A A | |
- Ef Z e_ﬂ$n<lyn|A|me><me|0|Lpn)e_l(€m—fn)7/ﬁ et dr
~®nm

1 " ~
- ZZ e B (W, | AW, (W | O] W,) 2108 (0 — (£ — €1)/1)
Similarly, we hax:gn

SA(w) =J (04() e dr
1 X - |
= EJ Z e_ﬂ$n<lpn|0|l'pm)<l‘pm|A|1Pn)el(§m_fn)‘f/heledT
-® nm

1 . .
= (4, 0| ) A) 2780 + (5 = £2)/0)
nm
1 . ~
- Ez e Bm (W, |A| W (P |O| W) 2708 (w — (& — &0) /1)
nm
Suppose that |W,,) = |¥m+?) and |¥,) = |¥F).
Thus, we obtain
e Bém = e‘ﬁ(fn"’hw)
S4(w) = e"Fho SR (w)

i *© odw i « . dw
x(@ = ——-@(T)f SR(w)e “"T——+—®(T)f S (w) e Wt —
h o 2mr  h . 21
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(2) The Fourier transform of the retarded response function
I

)((a))———f f (SR(w") - SA(w))e“‘” o elwTeNTdr
f f 1—e B“’ Sp(w") e’ 7, wTe=nTdr

i

(1 — g~ Bho' )5 (' )__f ei(w-w'+in)T 4o
) 0
JOO (1 - e‘ﬁh“”) Sgp(w")- ———_—1———de

I T

:vlr—*
% S| ~ |

Since
1

w—w' +in w—w'
we obtain

im @) =~ | (1- e ) sy - o) 2

1
SR((,)) = —i——_ﬁz Im [}(((1))] = —-2h (1 + J%_—:l) Im [}(((1))]

This is called the fluctuation-dissipation relation. The fluctuation of
the time-correlation function is related to the imaginary part of the
retarded response function in frequency space.

OS:

The retarded response function is a complex function

¥(@ = =10 [(A@®0) - (04®)| = ¥’ @ + ix" (@)

'he imaginary part of the retarded res se
The imaginary part of the retarded response function
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1
X'@ =2 @ -1 @]
1
=5 x(®) — x(=7)]
1 o .
= 200 [(A()0) ~ {0A()
1 R . .
+ E% 0(—1) [(0(_T)A) - <AO(_T))]
. o ~ .
= (6(x) + 0(-1)) [(A(T)0> - <0(_T)A)]
Since 0(7) + 0(—1) =1
1. ~ .
Since
(0(=0)4) = (04(®))
=Tr [e‘ﬁﬁ@fi(r)]
= Tr [e‘ﬁﬁeﬁﬁﬁ(f)e_ﬁﬁo]
= (A(r - inp)0)

The spectral representation of the time-correlation function
SR(w) =f (A(®)0)e'T dr
S4(w) =f (0(-1)A)ew? dr

- f (A(z — ihB)0)e ™™ dr

= [ {A(c - inp)0)etee b0 e

= ¢Pho f (A(H0)ei" dr’

= e BhogR (@)

1 oo oo o, d !
@) =5 | [ [5%@)-st@]e”

w
e
21

ian'e “NTdr

1
= — o (1 - e7P1)Sp(w)

HE25H



